
ARTICLE IN PRESS

Pattern Recognition ( ) –
www.elsevier.com/locate/pr

Kernel quadratic discriminant analysis for small sample size problem

Jie Wanga,∗, K.N. Plataniotisa, Juwei Lub, A.N. Venetsanopoulosc

aDepartment of Electrical and Computer Engineering, University of Toronto, 10 King’s College Road, Toronto, Canada M5A 3G4
bVidient Systems, Inc., 4000 Burton Dr., Santa Clara, CA 95054, USA

cRyerson University, 360 Victoria St, Toronto, Canada M5B 2K3

Received 13 January 2007; received in revised form 31 July 2007; accepted 23 October 2007

Abstract

It is generally believed that quadratic discriminant analysis (QDA) can better fit the data in practical pattern recognition applications compared
to linear discriminant analysis (LDA) method. This is due to the fact that QDA relaxes the assumption made by LDA-based methods that the
covariance matrix for each class is identical. However, it still assumes that the class conditional distribution is Gaussian which is usually not
the case in many real-world applications. In this paper, a novel kernel-based QDA method is proposed to further relax the Gaussian assumption
by using the kernel machine technique. The proposed method solves the complex pattern recognition problem by combining the QDA solution
and the kernel machine technique, and at the same time, tackles the so-called small sample size problem through a regularized estimation of
the covariance matrix. Extensive experimental results indicate that the proposed method is a more sophisticated solution outperforming many
traditional kernel-based learning algorithms.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Linear discriminant analysis (LDA) is one of the most
effective feature extraction methods in statistical pattern recog-
nition learning [1–5]. LDA-based methods extract the discrim-
inant features by maximizing the so-called Fisher’s criterion
which is defined as the ratio of between- and within-class
scatter matrices. It has been shown that LDA can be viewed
as a special case of the optimal Bayesian classifier when the
class conditional distribution of the data are Gaussian with
identical covariance structure [6,7]. In such cases, the resulting
class boundaries are restricted to linear hyper-planes. In many
practical pattern recognition problems, however, the distribu-
tion of the data is far more complicated than Gaussian, usually
multi-modal and non-convex. In such cases, the performance
of LDA-based techniques deteriorates dramatically [6]. To this
end, nonlinear techniques appear to be more effective to handle
complex distributed data samples.

Quadratic discriminant analysis (QDA) is one of the most
commonly used nonlinear techniques for pattern classification.
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In the QDA framework, the class conditional distribution is
assumed to be Gaussian, however, with an allowance for dif-
ferent covariance matrices. In such cases, a more complex
quadratic boundary can be formed. It is therefore reasonable to
believe that QDA better fits the real data structure. However,
due to the fact that more free parameters are to be estimated (C
covariance matrices, where C denotes the number of classes)
compared to those in an LDA-based solution (1 covariance
matrix), QDA is more susceptible to the so-called small sample
size (SSS) problem such that the number of training samples
is smaller or comparable to the dimensionality of the sample
space [8–10,2]. Under the SSS scenario, a reliable estimation
of the system parameters, such as the within- and between-class
matrices in LDA-based methods, becomes a difficult task. The
SSS problem is a realistic problem existing in many real-world
applications such as face recognition. Under the SSS scenario,
a direct application of QDA is difficult or even mathemati-
cally intractable as the estimates of the covariance matrices
for each class become either ill- or poorly posed [6]. In order
to apply QDA to the pattern recognition problem under the
SSS scenario, regularized direct QDA (denoted as RD-QDA)
[6] has been proposed to tackle the SSS problem in two
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steps: dimensionality reduction and regularized covariance
matrix estimation. In has been shown that the discriminatory
information resides in the intersection of the null space of the
within-class scatter (denoted as A) and the complement space
of the null space of the between-class scatter (denoted as B′),
i.e., A ∩ B′ [3–5]. At the same time, no significant informa-
tion, in terms of maximization of Fisher’s criterion, will be
lost if the null space of the between-class scatter is discarded.
The low-dimensional between-class subspace B′ is therefore
first extracted. The RD-QDA method is thus a QDA solution
performed in B′, where a regularized covariance matrix is de-
fined for each class according to the suggestions in Ref. [11].
By adjusting the regularization parameters in the estimation
of the covariance matrix, a set of traditional or novel linear
discriminant analysis methods could be obtained.

Although RD-QDA relaxes the identical covariance assump-
tion, it still assumes, however, that each class is subject to
a Gaussian distribution, which may not be the case in real-
ity. To further relax the Gaussian assumption, in this paper, a
kernel-based RD-QDA solution, denoted as KRQDA, is pro-
posed by using the kernel machine technique [12–16]. Ker-
nel machine technique is considered the most important tool
in the design of nonlinear statistical learning techniques. The
premise behind the kernel machine technique is to find a non-
linear map from the original sample space to a higher dimen-
sional kernel feature space by using a nonlinear function. In
the kernel feature space, pattern distribution is expected to
be simplified so that better classification performance can be
achieved by applying traditional linear or quadratic method-
ologies [15,14]. The nonlinear mapping could be performed
implicitly by replacing dot products of the feature represen-
tations in the kernel space with a kernel function defined in
the original sample space [15,14]. Implementing the RD-QDA
method in the kernel feature space, KRQDA combines the
strengths of the quadratic learning technique and the kernel
machine technique. The proposed method provides a sophis-
ticated solution to the complex pattern recognition problem
by producing quadratic boundaries in the kernel space and at
the same time tackles the SSS problem by incorporating reg-
ularization settings through RD-QDA. It is not difficult to see
that RD-QDA is a special case of the KRQDA method when
a linear kernel is considered. To this end, KRQDA can be
viewed as a more general learning algorithm from which a set
of linear or nonlinear discriminant analysis methods could be
obtained by adjusting the kernel function as well as the regular-
ization parameters. Extensive experiments have been performed
and the results indicate that the proposed method outperforms
many traditional kernel-based algorithms and the RD-QDA
solution.

The rest of this paper is organized as follows. Section 2
briefly reviews the RD-QDA method. Following that, the
detailed derivation of RD-QDA in the kernel space is de-
scribed in Section 3. In Section 4, extensive experiments
are conducted on the FERET face database and other pat-
tern classification data sets to demonstrate the effectiveness
of the proposed method followed by a conclusion drawn in
Section 5.

2. Review of regularized direct quadratic discriminant
analysis

In Ref. [6], a regularized direct quadratic discriminant anal-
ysis (RD-QDA) has been proposed to apply QDA solution un-
der the SSS scenario. The RD-QDA method includes two main
steps: dimensionality reduction and the application of the reg-
ularized QDA in the reduced feature subspace.

Let Z={Zi}Ci=1 denote the training set, containing C classes

with each class Zi = {zij }Ci

j=1, consisting of Ci samples zij ∈
RJ , where RJ denotes the J -dimensional real space. Therefore,
there are N =∑C

i=1 Ci examples available in the training set
in total.

Let Sb and Sw be the between- and within-class scatter ma-
trices, the low-dimensional complement space of the null space
of Sb, denoted as B′, is first extracted. Let Vb =[vb1, . . . , vbM ]
be M eigenvectors of Sb corresponding to M non-zero eigen-
values � = [�b1, . . . , �bM ], where M = min(C − 1, J ). The Sb

subspace B′ is thus spanned by Vb, which is further scaled by
U=Vb�

−1/2
b so that UTSbU=I, where �b =diag(�), diag( )

denotes the diagonalization operator and I is the (M × M)

identity matrix. In order to perform QDA in B′, all training
samples zij are first projected into the subspace spanned by U,
obtaining the corresponding feature representations expressed
as yij = UTzij , where yij is the feature representation of zij in
the subspace B′. The regularized sample covariance matrix of
ith class, denoted by �̂i (�, �), is thus defined as follows [11]:

�̂i (�, �) = (1 − �)�̂i (�) + �

M
tr[�̂i (�)]I,

�̂i (�) = 1

Ci(�)
[(1 − �)Si + �S], (1)

where (�, �) are two regularization parameters and M is the
dimensionality of B′. Ci(�) = (1 − �)Ci + �N and Si is
the covariance matrix of ith class estimated in B′, i.e. Si =∑Ci

j=1 (yij−ȳi )(yij−ȳi )
T, yij=UTzij , ȳi=(1/Ci)

∑Ci

j=1 yij and

S =∑C
i=1Si .

In the classification session, the input test p is projected into
the subspace B′, obtaining the corresponding representation
q =UTp. The class label of p is then determined by comparing
the Mahalanobis distance between the input q and each class
center ȳi , i = 1, . . . , C, i.e., ID(p) = arg mini di(q), where

di(q)=(q−ȳi )
T�̂−1

i (�, �)(q−ȳi )+ ln |�̂i (�, �)|−2 ln �i , (2)

where �i = Ci/N is the prior probability of class i.
It was shown in Ref. [6] that a series of traditional linear

discriminant analysis methods could be obtained by adjusting
the parameters of � and �. These include the direct nearest
center method (D-NC) (� = 1 and � = 1); the direct weighted
nearest center method (D-WNC) (� = 0 and � = 1); the direct
quadratic discriminant analysis (D-QDA) (�=0 and �=0) and
two direct linear discriminant analysis solutions byYu andYang
(YD-LDA) [3] (�=1 and �=0) and by Lu et al. [5] (LD-LDA)
(� = 1 and � = (tr[S/N ] + M)/M), respectively.
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3. Kernel regularized quadratic discriminant analysis

RD-QDA relaxes the assumption made by LDA-based solu-
tions that the covariance matrix of each class is identical. It still
assumes, however, that each class is subject to a Gaussian dis-
tribution, which is obviously not the case in many real-world
patten classification applications. Motivated by the kernel ma-
chine technique, a kernel based RD-QDA solution, denoted as
KRQDA, is proposed in this paper. Implementing the RD-QDA
method in the kernel feature space, KRQDA further relaxes the
Gaussian assumption by introducing the kernel machine tech-
nique and at the same time tackles the SSS problem through
the regularization settings in RD-QDA.

3.1. Dimensionality reduction in the kernel space

Let �=[�(z11), . . . ,�(zCCC
)] be the corresponding feature

representations of the training samples in the kernel space FF .
Let K be the N × N Gram matrix (kernel matrix), i.e., K =
(Klh)

h=1,...,C
l=1,...,C . Klh is a Cl × Ch sub-matrix of K composed of

the samples from classes Zl and Zh, i.e., Klh = (kij )
j=1,...,Ch

i=1,...,Cl
,

where kij = k(zli , zhj ) and k(·) denotes the kernel function
defined in RJ . Let S̃b be the between-class scatter in FF , de-
fined as

S̃b = 1

N

C∑
i=1

Ci(�̄i − �̄)(�̄i − �̄)T, (3)

where �̄i = (1/Ci)
∑Ci

j=1 �(zij ) is the mean of Zi in FF and

�̄ = (1/N)
∑C

i=1
∑Ci

j=1 �(zij ) is the mean of training samples

in FF .
Following the RD-QDA framework, the complement space

of the null space of S̃b, denoted as B̃
′
, is first extracted. B̃′

is spanned by the first M(M �C − 1) eigenvectors of S̃b, i.e.,
Ṽb = [ṽb1, . . . , ṽbM ], corresponding to the M largest eigenval-
ues. Ṽb can be obtained by solving the eigenvalue problem of
S̃b, which can be rewritten as follows:

S̃b =
C∑

i=1

(√
Ci

N
(�̄i − �̄)

)(√
Ci

N
(�̄i − �̄)

)T

=
C∑

i=1

ˆ̄�i
ˆ̄�T
i = �b�

T
b , (4)

where ˆ̄�i = √
Ci/N(�̄i − �̄) and �b = [ ˆ̄�1, . . . ,

ˆ̄�C]. It can
be observed that S̃b is a matrix of size F × F , where F de-
notes the dimensionality of the kernel space. Due to the high
dimensionality of FF , a direct computation of the eigenvectors
of S̃b is impossible. Fortunately, the problem can be solved by
an algebraic transform from the eigenvectors of a C ×C matrix
�T

b�b [17]. Let �̃bi and ẽbi be ith eigenvalue and eigenvector of
�T

b�b sorted in a descending eigenvalue order, it can be seen

that (�b�T
b )(�bẽbi)= �̃bi(�bẽbi). Therefore, it can be deduced

that (�bẽbi) is ith eigenvector of S̃b = �b�T
b .

As shown in Ref. [17], �T
b�b can be expressed as

�T
b�b = 1

N
B ·

(
AT

NC · K · ANC − 1

N
(AT

NC · K · 1NC)

− 1

N
(1T

NC ·K·ANC)+ 1

N2 (1T
NC ·K·1NC)

)
·B, (5)

where B = diag[√C1, . . . ,
√

CC], 1NC is an N × C matrix
with all elements equal to 1, ANC = diag[aC1 , . . . , aCC

] is an
N × C block diagonal matrix and aCi

is a Ci × 1 vector with
all elements equal to 1/Ci . Let ẼbM = [ẽb1, . . . , ẽbM ] consist
of M significant eigenvectors of �T

b�b corresponding to the

M largest eigenvalues �̃b1 > , · · · , > �̃bM and Ṽb = �bẼbM ,
it is not difficult to derive that ṼT

b S̃bṼb = �̃b, where �̃b =
diag[�̃2

b,1, . . . , �̃
2
b,M ]. Thus, the transformation matrix Ũ such

that ŨTS̃bŨ = I can be computed as follows:

Ũ = Ṽb�̃
−1/2
b , Ṽb = �bẼbM . (6)

After obtaining the low-dimensional feature subspace B̃′
spanned by Ũ, all training samples are projected to B̃′ to get
the corresponding feature representations ỹij , as follows:

ỹij = ŨT�(zij ) = �̃−1/2
b ẼT

bM�T
b�(zij ), (7)

where �T
b�(zij ) can be expressed as [17]

�T
b�(zij )= 1√

N
B
(

ANC ·	(�(zij ))− 1

N
1T
NC ·	(�(zij ))

)
, (8)

where 	(�(zij )) = [�(z11)�(zij ), �(z12)�(zij ), . . . , �(zCCC
)

�(zij )]T can be computed implicitly through the kernel func-
tion defined in RJ , i.e., �(zmn)�(zij ) = k(zmn, zij ).

3.2. Perform QDA in B̃
′

In order to perform QDA solution in B̃′, the regularized
sample covariance matrix of ith class, denoted as �̃i (�, �), is
defined as follows [11]:

�̃i (�, �) = (1 − �)�̃i (�) + �

M
tr[�̃i (�)]I,

�̃i (�) = 1

Ci(�)
[(1 − �)S̃i + �S̃],

Ci(�) = (1 − �)Ci + �N ,

S̃i =
Ci∑

j=1

(ỹij − ¯̃yi )(ỹij − ¯̃yi )
T,

S̃ =
C∑

i=1

S̃i . (9)

¯̃yi = (1/Ci)
∑Ci

j=1 ỹij and (�, �) is a pair of regularization
parameters.
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Table 1
Kernel-based algorithms derived from KRQDA

Algorithms KNC KWNC KQDA KDDA1 KDDA2

� 1 0 0 1 1

� 1 1 0 0
M

tr

(
S̃i

N

)
+ M


̃i

1

M
tr[S̃/N ]I 1

M
tr[S̃i /N ]I S̃i /Ci S̃/N

(
tr[S̃/N ]

tr[S̃/N ] + M

)
(S̃/N + I)

The key component in the calculation of �̃i (�, �) is to de-
rive the covariance matrix of ith class, i.e., S̃i , which could be
expressed as follows:

S̃i =
Ci∑

j=1

(ỹij − ¯̃yi )(ỹij − ¯̃yi )
T

=
Ci∑

j=1

ỹij ỹT
ij −

Ci∑
j=1

¯̃yi ỹ
T
ij −

Ci∑
j=1

ỹij
¯̃yT
i +

Ci∑
j=1

¯̃yT
i
¯̃yT
i

=
Ci∑

j=1

ỹij ỹT
ij − Ci

¯̃yi
¯̃yT
i − Ci

¯̃yi
¯̃yT
i + Ci

¯̃yi
¯̃yT
i

=
Ci∑

j=1

ỹij ỹT
ij − Ci

¯̃yi
¯̃yT
i

= J1 − Ci × J2, (10)

where J1 =∑Ci

j=1 ỹij ỹT
ij and J2 = ¯̃yi

¯̃yT
i . The detailed derivation

of J1 and J2 can be found in Appendices A and B.
In the classification session, the input test image p is firstly

projected to the lower dimensional between class subspace i.e.,
q̃ = ŨT�(p). The identity of the test image is then determined
by comparing the Mahanlanobis distance between the feature
representation of the test image q̃ and each class center ¯̃yi , i.e.,

ID(p) = arg min
i

di(q̃),

di(q̃)=(q̃−¯̃yi )
T�̃−1

i (�, �)(q̃−¯̃yi )+ln|�̃i (�, �)|−2ln�i , (11)

where �i = Ci/N .
It was shown in Ref. [6] that the two parameters � (0���1)

and � (0���1) regularize the estimation of S̃i to S̃ (by �)

and to a multiple of the identity matrix (by �). Therefore, in a
way similar to RD-QDA, a set of traditional or novel kernel-
based discriminant learning methods can be derived by ad-
justing the parameters of � and � which are summarized in
Table 1. When (� = 0, � = 0), no regularization is applied. The
proposed KRQDA is equivalent to a standard quadratic dis-
criminant analysis solution in the kernel feature space. Thus, a
novel kernel-based QDA method is derived, denoted as KQDA.
While (� = 1, � = 1), a strong regularization is applied so that
the covariance matrix 
̃i becomes a multiple of the identity
matrix, i.e., 
̃i = tr(S̃/N)I/M . Thus the proposed method is

reduced to a nearest center solution performed in the kernel
space, denoted as kernel nearest center classifier KNC. When
(� = 0, � = 1), 
̃i = tr(S̃i/N)I/M . In such a case, the pro-
posed method becomes a weighted nearest center classifier, de-
noted as KWNC, with the weight for each class defined as
tr(S̃i/N)/M . If (� = 1, � = 0), it is not difficult to see that the
proposed method is equivalent to the well-known kernel direct
discriminant analysis [17] with the traditional Fisher’s crite-
rion (Ã = arg maxÃ |ÃTS̃bÃ|/|ÃTS̃wÃ|), denoted as KDDA1.
If a modifier Fisher’s criterion is considered as proposed in
Ref. [17], i.e., (Ã = arg maxÃ |ÃTS̃bÃ|/|ÃTS̃bÃ| + |ÃTS̃wÃ|),
it can be derived, that the corresponding KDDA solution, de-
noted as KDDA2, is also a special case of KRQDA, when
(� = 1, � = (tr(S̃i/N) + M)/M).

In addition to manipulating the regularization parameters
(�, �), another flexibility of the proposed method lies in the
choosing of kernel functions k(·). The variation in the kernel
functions results in different kernel spaces. It can be observed
that when a linear kernel is used, i.e., k(zi , zj )= zT

i zj , the pro-
posed KRQDA is reduced to RD-QDA. Therefore, KRQDA is
a more general solution and RD-QDA is a special case corre-
sponding to the linear kernel functions.

4. Experiment

In order to demonstrate the effectiveness of the proposed
method, a set of experiments are conducted to examine the
performance of the proposed KRQDA method with respect
to the regularization parameters (�, �) as well as the kernel
functions.

4.1. Experiment I—performance as functions of regularization
parameters

In order to examine how the regularization parameters (�, �)
affect the performance of KRQDA under different SSS sce-
narios, a subset of the well-known FERET face database is
used for experimentation [18,19]. The data set used in this ex-
periment contains 960 images. It is composed of 91 subjects
(i.e., 91 classes) with each subject having at least eight images.
According to the FERET protocol guidelines, for each face im-
age, the following preprocessing operations are performed: (1)
images are rotated and scaled so that the centers of the eyes
are placed on specific pixels and the image size is normal-
ized to 150 × 130; (2) a standard mask is applied to remove
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Fig. 1. Preprocessing procedure.

Fig. 2. CRR of KRQDA as functions of (�, �); top: L = 2, 3, 4; bottom L = 5, 6, 7.

non-face portions; (3) histogram equalization is performed and
image intensity values are normalized to zero mean and unit
standard deviation; (4) each image is finally represented, af-
ter the application of the mask, as a vector of dimensionality
17 154. Fig. 1 depicts the preprocessing procedure.

For each subject, L images are extracted to form the train-
ing set while the remaining images are treated as tests. In or-
der to examine the effectiveness of the proposed method in
handling the SSS problem, a set of L values are tested with
L={2, 3, 4, 5, 6, 7}. For each L value, the partitioning of train-
ing and test sets is repeated 10 times and the reported results
are the average of 10 repetitions.

The testing grid of (�, �) values for the proposed KRQDA
solution is defined as � = [10−4 : 0.0495 : 1] and � = [10−4 :
0.0495 : 1], where [10−4 : 0.0495 : 1] denotes a vector con-
sisting 21 elements from 10−4 to 1 with a step of 0.0495.
Therefore, 21 × 21 (�, �) combinations are examined. A Gaus-
sian kernel is used as the kernel function for all kernel-based
algorithms. The kernel parameter �2 is set to 108 based on a
“trial-and-error” method.

The recognition performance is measured by the correct
recognition rate (CRR). Fig. 2 depicts the CRRs with respect to
different regularization parameters (�, �). Also, a quantitative

comparison of various kernel-based algorithms is performed.
Table 2 summarizes the CRRs obtained by various kernel-based
algorithms. The KRQDA performance reported here represents
best found CRRs across all (�, �) combinations. The optimal
(�∗, �∗) values are also listed. In addition to KRQDA and its
derived algorithms (listed in Table 1), kernel principal compo-
nent analysis (KPCA) [20] and generalized discriminant analy-
sis (GDA) [21] are also implemented for comparison purposes.
For KPCA and GDA, it is well known that the corresponding
performance is a function of the number of extracted features.
Therefore, the performance reported here is the best found CRR
corresponding the optimal feature number (Nopt ) obtained by
exhaustively searching all possible numbers. It can be observed
from Fig. 2, when L= 2, the peak value of the CRR appears in
the central area of the (�, �) grid. As the value of L increases,
the CRR peak moves toward the (0, 0) corner. A similar ob-
servation can be obtained from Table 2. In a severe SSS sce-
nario, i.e., when L = 2, the best CRR of KRQDA is obtained
when � and � have large values (� = 0.64 and � = 0.54). Cor-
respondingly, solutions like KNC (� = 1, � = 1) and KDDA2

(� = 1, � = M/(tr(S̃i/N) + M)) which include a strong reg-
ularization process outperform less regularized solutions such
as KWNC (� = 0, � = 1), KDDA1 (� = 1, � = 0) and KQDA
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Table 2
CRRs (%) of various kernel based algorithms on FERET set

L = 2 L = 3 L = 4 L = 5 L = 6 L = 7

KPCA 59.10 65.59 67.13 68.18 71.06 71.61
Nopt 159.3 225.2 261.1 247.9 335 355.7
GDA 58.52 68.95 77.47 86.75 89.71 89.32
Nopt 89.7 90 89.9 89.9 89.7 84.5
KNC 67.42 72.55 75.30 77.74 78.24 77.68
KWNC 41.95 60.26 67.80 72.97 75.70 74.89
KQDA 47.52 77.37 84.77 89.37 92.42 92.79
KDDA1 24.31 77.05 84.36 88.61 91.74 91.18
KDDA2 69.92 77.02 81.73 84.99 87.17 86.69
KRQDA 70.85 79.61 85.25 89.72 92.58 92.97
(�∗, �∗) (0.64,0.54) (0.45,0.25) (0.05, 10−4) (0.10, 10−4) (0.10, 10−4) (0.10, 10−4)

(� = 0, � = 0). If sufficient samples are available, e.g., L = 7,
KQDA gives better performance. This indicates when the train-
ing sample size (L) is small, the SSS problem is a more critical
concern. In such cases, a regularization step that replaces in-
dividual covariance matrices �̃i , with a common within-class
scatter matrix S̃ estimated from all training samples is an ap-
propriate choice. Although it is a biased solution, it signifi-
cantly reduces the variance in the estimation of �̃i resulting in
an improved performance. However, when sufficient samples
are available for each class, methods like KQDA demonstrate
their effectiveness in tackling the complex distribution prob-
lem by producing quadratic boundaries in the kernel feature
space. Therefore, in such cases, unbiased solutions associated
with small (�, �) values are appropriate choices. Compared to
other kernel-based algorithms, KRQDA gives the best perfor-
mance for all cases due to the fact that a flexible regularization
scheme has been integrated.

4.2. Experiment II—performance as functions of kernels

In addition to regularization parameters, another flexibility
in the proposed KRQDA method is the manipulation of the
kernels. In this experiment, the influence of the selected ker-
nel functions will be examined. In addition to the FERET face
database, two additional data sets are used for this experiment
including the vowel data set and the vehicle data set collected
from UCI benchmark repository [22]. The vowel data set con-
sists of 11 classes with each class containing 90 samples. Each
sample is represented by a 10-dimensional vector. The vehicle
data set consists of four classes with each class containing over
200 samples. Each sample is represented by an 18-dimensional
vector.

For face data set, L = {2, 4, 6} images per subject are ex-
tracted as training samples while the rest are treated as tests.
Again, the configuration of the training and test sets is re-
peated 10 times and the reported results are the average over
10 trials. For the vowel and vehicle data sets, a 10-fold test-
ing is performed. In other words, for each class, the samples
are separated into 10 non-overlapping subsets, nine of which
are used as training samples while the remaining single subset
is treated as the test set. The experiment is repeated 10 times

Table 3
Best found CRR (%) of KRQDA with Gaussian kernel using various �2 values

�2= 104 105 106 107 108

L = 2 65.35 71.00 71.09 70.89 70.85
L = 4 77.33 84.41 85.13 85.23 85.25
L = 6 84.08 91.59 92.58 92.56 92.58

�2= 10 50 100 500 1000
Vowel 89.49 90.91 90.81 90.00 89.39
Vehicle 25.34 43.38 56.76 55.81 55.07

corresponding to 10 different test sets and the results reported
here are the average over 10 trials.

The testing grid of (�, �) values for vowel and vehicle data
set is set to � = [0 : 0.0495 : 1] and � = [0 : 0.0495 : 1] so that
the extreme cases � = 0 or � = 0 will be tested. However, for
face data set, the corresponding test grid remains the same as
that used in the first experiment, i.e., � = [10−4 : 0.0495 : 1]
and � = [10−4 : 0.0495 : 1]. This is due to the fact that for
face data set, (� = 0, � = 0) will trigger computation difficulty.
If (� = 0, � = 0), according to Eq. (9), it can be derived that
�̃i (�, �) = S̃i/Ci , which is singular. This is due to the fact that
the number of training samples for each subject is smaller than
the dimensionality of the reduced between-class subspace, i.e.,
C − 1 = 90, where C is the number of subjects. Then in the
recognition step, the computation of Mahalanobis distance di

(Eq. (11)) becomes inapplicable.
Table 3 depicts the best found CRRs of KRQDA with re-

spect to different �2 values. It can be seen that different ker-
nel �2 values results in different recognition performance. For
the vowel data set, performance difference due to the different
�2 values is small. However, for other two data sets, such dif-
ference is large. It can be observed that the gap between the
best and worst CRRs are over 5% and 30% for the FERET
and vehicle data sets, respectively. This indicates that choos-
ing an appropriate kernel parameter is paramount in ensuring
good performance in kernel-based algorithms. Table 4 lists the
best found CRRs of KRQDA with respect to different kernels,
including the Gaussian kernel, polynomial kernel and linear
kernel. For the Gaussian kernel, �2 is set to 108, 50 and 100
for the face, vowels and vehicle sets. While for the polynomial
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Table 4
Best found CRR (%) of KRQDA with various kernel functions

FERET Vowel Vehicle

L = 2 L = 4 L = 6

Gaussian 70.85 85.25 92.58 90.91 56.76
(�∗, �∗) (0.64, 0.54) (0.05, 10−4) (0.10, 10−4) (0, 0) (0.6435, 0.9900)

Polynomial 68.84 84.87 92.61 87.78 51.86
(�∗, �∗) (0.40, 0.64) (0.10, 10−4) (0.10, 10−4) (0, 0) (0.4950, 0)

Linear 70.86 85.22 92.63 88.19 52.66
(�∗, �∗) (0.74, 0.64) (0.05, 10−4) (0.05, 10−4) (0, 0) (0.1980, 0)

kernel, defined as k(zi , zj ) = (a(zi · zj ) + b)d , the parame-
ters are set to {a = 10−9, b = 1, d = 3} for the FERET face
data set as suggested in Ref. [17], {a = 1, b = 1, d = 3} for
the vowel data set and {a = 1, b = 1, d = 0.01} for the vehicle
data set. The kernel parameters are selected empirically through
a “trial-and-error” procedure. The linear kernel is defined as
k(zi , zj ) = zT

i zj . It is not difficult to understand, that if a lin-
ear kernel is considered, the proposed KRQDA is reduced to
RD-QDA.

Compared to the RD-QDA solution, no significant improve-
ment can be observed by the proposed KRQDA for the FERET
face data set. The performance of KRQDA with either the Gaus-
sian kernel or the polynomial kernel is very close to that of
RD-QDA. This can be explained as follows. The superiority
of the proposed KRQDA method to the traditional RD-QDA
method lies in its capability of relaxing the Gaussian assump-
tion by using kernel machine technique. However, as a more
complicated algorithm, it is more easily to overfit in particular
for face recognition application where only limited number of
training samples are available. In addition, as any kernel-based
algorithm, its performance depends on the selected kernel func-
tion and its associated parameters. However, how to systemat-
ically choose an appropriate kernel function is still a challeng-
ing problem far from well solved. The kernel parameters used
in this experiment is selected empirically through a “trial-and-
error” procedure. The lack of a good kernel selection algorithm
also prevents the KRQDA method to demonstrate its poten-
tial power. Therefore, its superiority has been discounted. For
the vowel and vehicle data sets, where the SSS problem is not
that critical with more training samples available, better per-
formance can be observed by using the KRQDA method with
Gaussian kernel. In order to examine how KRQDA improves
the recognition performance, we define IMP = CRRGaussian −
CRRLinear/1 − CRRLinear (%) to measure to comparative im-
provement of the KQRDA method with Gaussian kernel with
respect to that with linear kernel, i.e., RD-QDA. It can be ob-
served that IMPV owel = 23% and IMPV ehicle = 9%. This in-
dicates that the KRQDA method provides better performance
than the traditional RD-QDA method, in particular on the vowel
data set.

In comparing with computational cost, KRQDA is more
time consuming than RD-QDA as it is a more complicated
algorithm. We compare both the training and testing time con-
sumed by the KRQDA method and the RD-QDA method on

the FERET face data set, when L=2. The simulation is imple-
mented on a PC with a 3.0 GHz Intel Pentium 4 processor and
2.0 GB RAM. All programs are written in Matlab v7.0 and ex-
ecuted in MS Windows XP. It takes 15.23 s to train a KRQDA
algorithm and 3.79 s to train a RD-QDA algorithm. In terms
of testing time, KRQDA needs 0.046 s and RD-QDA needs
0.031 s. It can be observed that KRQDA takes much more
time than RD-QDA in the training session. The extra time is
mostly spent on the calculation of the kernel matrix. Since the
training is an off-line operation, a higher computational cost is
durable. While looking at the testing time, however, KRQDA
is comparable to RD-QDA. This indicates that KRQDA
is a realistic solution which can be applied in real-world
applications.

5. Conclusion

In this paper, a novel kernel regularized quadratic learning
algorithm, KRQDA, has been developed. The proposed method
combines the strengths of the kernel machine technique and
the regularized quadratic learning technique to tackle the com-
plex pattern classification problem under the SSS scenario.
KRQDA is a comprehensive and general pattern recognition
solution from which a set of traditional or novel, linear or
nonlinear learning algorithms can be derived by adjusting the
regularization parameters as well as the kernel functions. Ex-
perimentation on different data sets indicates that the proposed
method outperforms many traditional discriminant learning
algorithms.

As many other kernel-based algorithms, different kernel
functions as well as different kernel parameters significantly
affect the performance of the KRQDA method. However,
how to choose an appropriate kernel function still remains
a difficult problem in the kernel machine research. In ad-
dition, systematically choosing appropriate regularization
parameters � and � is another challenging task due to the
lack of priori knowledge regarding the underlying distribu-
tion of the patterns. These problems will be left for future
research.
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Appendix A. Derivation of J1

J1 =
Ci∑

j=1

ỹij ỹT
ij =

Ci∑
j=1

ŨT�(zij )�(zij )
TŨ

= (Ẽbm�̃−1/2
b )T�T
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⎛
⎝ Ci∑

j=1

�(zij )�(zij )
T

⎞
⎠

× �b(Ẽbm�̃−1/2
b ), (12)

where Ẽbm and �̃b can be obtained from Eq. (5).
Express �T

b (
∑Ci

j=1 �(zij )�(zij )
T)�b as follows:

�T
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⎝ Ci∑
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�(zij )�(zij )
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j=1

�(zij )�(zij )
T

⎞
⎠ ˆ̄�n

⎞
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m=1,...,C

n=1,...,C

, (13)

where

ˆ̄�T
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⎝ Ci∑
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⎠ ˆ̄�n

=
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where I1, I2, I3, I4 can be expanded as follows:
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m

⎛
⎝ Ci∑

j=1

�(zij )�(zij )
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Define QN1=[qC1 , . . . , qCC
] is a N×1 vector and qCi

is a Ci×1
vector with all elements equal to 0. Thus, Qm

N1 is equivalent to

QN1 except that the elements in qCm equal to 1/Cm while Qi,j
N1

is equivalent to QN1 except that the j th element in qCi
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1. Di
NN =diag[0C1 , . . . , 0Ci−1 , 1Ci
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diagonal matrix, 1Ci
is a Ci × 1 vector with all elements equal
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Appendix B. Derivation of J2
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