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Abstract 

New filters for multichannel image processing are introduced and analysed. The proposed methodology constitutes 
a unifying and powerful framework for multichannel signal processing. The new filters use fuzzy membership functions 

based on different distance measures among the image vectors to adapt to local data in the image. Fuzzy aggregators are 
utilized to determine the weights in the proposed filter structure. The special case of colour image processing is studied as 
an important example of multichannel signal processing. Simulation results indicate that the new filters are computation- 

ally attractive and have excellent performance. 

Keywords: Adaptive filters; Fuzzy membership functions; Distance functions; Averaging operators; Colour image 

processing. 

1. Introduction 

Filtering of multichannel images has received 
increased attention due to its importance in pro- 
cessing colour images. Numerous filtering tech- 
niques have been proposed to date for multichan- 
nel image processing. Nonlinear filters applied to 
images are required to preserve edges and details 
and remove impulsive and Gaussian noise. On the 
other hand, vector processing of multichannel im- 
ages constitutes one of the most effective methods 
available to filter and detect edges [ll, 13,221. 
Nonlinear filters based on order statistics (OS) have 
been extensively used in the past to smooth and 
restore images corrupted by noise. Recently, 
a number of multichannel filters which utilize 
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correlation among multivariate vectors using dis- 
tance measures, have been proposed for image fil- 
tering. Among them are the vector median filter 
(VMF) [2], the vector directional filter (VDF) [21], 
the fuzzy vector filter (FVF) [14, l] and different 
versions of the weighted mean filter [3,5]. 

Apart from nonlinear multichannel filters based 
on order statistics a number of fuzzy operators 
have been developed lately for image processing 
[16-18,4,23]. Local correlation in the data is util- 
ized by applying the fuzzy rules directly on the 
pixels which lie within the operational window. The 
output of the fuzzy processing depends on the fuzzy 
rule and the defuzzification process, which com- 
bines the effects of the different rules into an output 
value. However, there is no optimal way to deter- 
mine the number and type of fuzzy rules required 
for the fuzzy image operation. Usually, a large 
number of rules are necessary and the designer has 
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to compromise between quality and number of 
rules, since for even a moderate processing window 
a large number of rules are required [ 171. 

The large number of filters available poses some 
difficulties to the practitioner, since most of them 
are designed to perform well in a specific applica- 
tion and their performance deteriorates rapidly un- 
der different operation scenarios. Thus, a nonlinear 
adaptive filter, which performs equally well in 
a wide variety of applications is of great import- 
ance. Our goal is to devise a simple, computation- 
ally efficient and reliable filter structure, which will 
deliver acceptable results without making any as- 
sumption about signal or noise characteristics. 
Fuzzy operators are utilized to assist us in this task. 
Consequently, a second objective of this paper is to 
examine aggregation operators, to analyse their 
properties and justify their applicability to the 
design of multichannel filters. 

The organization of the paper is as follows. In 
Section 2 the general form of the proposed multi- 
channel filter is introduced. The motivation and 
design characteristics are discussed in detail. 
Section 2 also overviews distance criteria and fuzzy 
membership functions used to choose the filter 
weights. Two different distance criteria and the 
corresponding fuzzy transformations are analysed. 
Section 3 deals with fuzzy aggregators and their 
application to multichannel filtering. Adaptive 
filtering schemes based on these operators are dis- 
cussed. Specific operators are introduced and ana- 
lysed with respect to their properties. Section 4 
deals with the applications of the proposed filters to 
1-D signals. Experiments involving colour image 
applications are presented in Section 5. Compari- 
sons with leading multichannel filters are reported 
there. Finally, Section 6 summarizes our con- 
clusions. 

2. Fuzzy multichannel filters 

2.1. The filtering structure 

Let y(x) : Z’ --f Z”, represent a multichannel 
image and let W E Z’ be a window of finite size 
n (filter length). The noisy image pixels inside the 
window W are denoted as xj, j = 1,2, . . . , n. The 

general form of the new class of filters is given as 
a fuzzy weighted average of the input vectors inside 
the window W. The uncorrupted multichannel sig- 
nal is estimated by determining the center of grav- 
ity of the cluster of vectors inside the processing 
window. Therefore, the filter’s output at the win- 
dow centre is 

J&t * 
wj xj, 

j=l 

(2) 
tj=l wj 

The weights of the filter are determined adaptively 
using transformations of a distance criterion at 
each image position. These weighting coefficients 
are transformations of the sum of distances be- 
tween the center of the window (pixel under consid- 
eration) and all samples inside the filter window. 
The transformation has the meaning of member- 
ship function with respect to the specific window 
component. Thus, the fuzzy weights provide the 
degree to which an input vector contributes to the 
output, making the filter structure data-dependent. 
From such a viewpoint, a fuzzy clustering approach 
is introduced to determine the cluster centre con- 
sidering the ambiguity of the multichannel signal. 
The filter structure proposed here combines dis- 
tance concepts with data-dependent filters and 
fuzzy membership functions. Through the normal- 
ization procedure two constraints necessary to en- 
sure that the output is an unbiased estimator are 
satisfied. Namely, 
(i) Each weight is a positive number, wj* > 0, 

(ii) The summation of all the weights is equal to 
one,C;=,wj*=l. 

In multichannel filtering it is desirable to perform 
smoothing on all vectors which are from the same 
region as the vector at the window centre. At edges 
and lines the filter must only smooth pixels at the 
same side of the edge as the vector at the window 
centre. The proposed algorithm assigns to a given 
point inside the window some membership func- 
tion in the set of vectors and then uses these mem- 
bership values to calculate the final output. The 
fuzzy weights represent the confidence that the vec- 
tors under consideration come from the same re- 
gion. It is therefore reasonable to make the weights 
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proportional to the difference, in terms of a distance 
measure, between a given vector and its neighbours 
inside the operational window. In this way, 
near edges or in areas with high detail, the vectors 
with the relatively large distance values will be 
assigned smaller weights and will contribute less to 
the final filter estimate. Thus, edge or line detection 
operations prior to filtering can be avoided with 
considerable savings in terms of computational 
effort. 

2.2. Related previous work 

The filter can be considered as an R-ordering 
based multichannel filter since distances inside the 
operational window are used. However, unlike any 
R-ordering based filter the distances are not used to 
rank the vectors. Rather, they are used to weigh the 
vectors assigning negligible weights to the outliers. 
The structure in (2) has the familiar form of an 
adaptive filter, where the value of the noisy vector 
at the window centre is replaced by a weighted 
average value of all the points inside the opera- 
tional window. It can also be viewed as a generaliz- 
ation of existing linear or nonlinear averaging fil- 
ters. Specifically, if the weighting coefficients are 
fixed, a linear shift invariant finite impulse response 
filter is devised. Such a filter smoothes the signal 
but at the same time blurs signal boundaries (e.g. 
image edges). In order to alleviate the problem, 
adaptive methodologies have been introduced, 
namely filter structures with adaptively determined 
coefficients [12, 81. Unlike the methodology intro- 
duced here, some of these approaches are based on 
different forms of the Wiener filter with variable 
coefficients. Other approaches use local statistics 
on part of the signal to adaptively calculate the 
weights [ll, 8, 191. 

There are a number of problems associated with 
such designs [19]: 
(i) A priori knowledge about the signal and 

the desired response is required. Then the coeffi- 
cients of the adaptive filter can be optimized for 
a specific noise distribution with respect to 
a specific error criterion. However, such in- 
formation is not available in realistic signal pro- 
cessing applications. 

(ii) Least mean square (LMS) or other Wiener like 
filters are based on the assumption that the input 
signal and the available desired response are 
stationary ergodic processes. This is not true for 
many practical applications. Similarly, adaptive 
schemes based on noise statistics estimation are 
often assumed ergodic in order to justify the use 
of the sample mean and sample noise covariance 
in the calculations although it is known that that 
assumption does not always hold. 

(iii) Adaptive schemes based on training signals are 
iterative processes with heavy computational 
requirements. The real-time implementation of 
such algorithms is usually not feasible. 

In conclusion, these filters are more perplexing 
than useful for engineers faced with real image 
processing problems. On the contrary, the nonlin- 
ear scheme proposed here is simple. It is adaptive 
but its coefficients are not calculated using complex 
iterative procedures. 

Recently, weighted mean filters with adaptively 
determined coefficients have been proposed for ro- 
bust multichannel estimation. In [14], a filter struc- 
ture which uses a sigmoidal fuzzy transformation to 
adaptively calculate data-dependent weights had 
been proposed. The measure suggested to calculate 
distances among the vectors under consideration 
was the angle between the vectors. In [1] ordered 
weights based on the same distance criterion 
as above had been used to generate the final filter 
output, Similarly, a multichannel filter that uses the 
inverse of the Euclidean distance to weight the 
vectors in the final output was proposed in [3]. 
This filter extends to multichannel signals the 
methodology introduced in [S] for univari- 
ate input signals. Unlike the univariate case 
however, weights based on multichannel distance 
measures can be constructed in more than one 
way since there is no unique way to define the 
distance between two multichannel signals. De- 
pending on the distance criteria used and the 
transformations applied to them, a number of 
different adaptive filters can be devised. Al- 
though it is not clear how to select the appropriate 
distance-based weight, it is known from experi- 
mental results that its form is of paramount 
importance for the performance of the filter. This 
work addresses the problem of the selection of the 



146 K.N. Plataniotis et al. 1 Signal Processing: Image Communication 9 (1997) 143-158 

appropriate weight form. Fuzzy connectives are 
utilized to provide weight transformations that can 
be considered as a generalization of the transforms 
already in use. 

Before we introduce our methodology to con- 
struct a generalized weight function we will discuss, 
in the next section, common distance measures and 
their corresponding fuzzy transformations. 

2.3. Distances and fuzzy weights 

The most crucial step in the filter’s design is 
the development of the membership functions, Des- 
pite past efforts, a unified form of fuzzy membership 
functions has not yet been shown [IS]. In most 
cases, it is assumed that somehow they are avail- 
able. Here, the weights wj in (2) are deter- 
mined using fuzzy membership functions based 
on selected distance criteria. The fuzzy trans- 
formation is not unique. The different fuzzy 
functions must meet a number of desirable charac- 
teristics, but mainly are required to have a smooth 
finite output over the entire input range. Several 
candidate functions can meet the above speci- 
fication. According to [9], the most commonly 
used shapes for membership functions are triangu- 
lar, trapezoidal, piecewise linear and Gaussian- 
like functions. These functions are chosen by 
the designer arbitrarily, based on experience, 
problem specifications and computational con- 
straints imposed by the design. Since the choice 
of the membership function form is very much 
problem dependent, the only applicable a priori 
rule is that the designer must confine himself 
to those functions which are continuous and 
monotonic [lo]. 

We devote our attention to fuzzy transforma- 
tions that are suitable for two important distance 
measures extensively used for nonlinear filter de- 
sign. 

The objective in the design is to select an appro- 
priate fuzzy transformation, so that the pixel with 
the minimum distance will be assigned the max- 
imum weight. 

The first distance criterion considered here is the 
so-called vector angle criterion. This criterion con- 
siders the angle between two vectors as their 

distance. A scalar angle measure 

n 
ai = 1 A(Xi, Xj); 

j= 1 

with 

x,x; 
A(Xi, Xj) = COS-l - ( 1 Ix4 lxjl ’ 

(3) 

is the distance associated with the noisy vector 
.xi inside the processing window of length n. This 
criterion was first introduced in [21] to measure 
distances between colour vectors. Since in the RGB 
colour space, colour is defined as relative values in 
the tri-chromatic channel and not as a triplet of 
absolute intensity values, it was argued in [21] that 
the distance measure must respond to relative 
intensity differences (chromaticity) and not abso- 
lute intensity differences (luminance). Thus, the ori- 
entation difference between two colour vectors was 
selected as their distance measure, because it corre- 
lates well with their spectral ratio difference. 
A number of different shapes can be used to gener- 
ate a membership function based on the above- 
described distance measure. However, in the neural 
network and fuzzy systems literature [9], a sig- 
moidal transformation is usually associated with 
inner product type distances. Therefore, if the angle 
criterion (sum of angles) is selected as the distance 
measure, a sigmoidal (piecewise linear) membership 
function should be utilized. The fuzzy weight 
Wi has the following form: 

P 
wli = (1 + eXp(aJ)* ’ 

where p, Y are parameters to be determined. The 
value of r is used to adjust the weighting effect of 
the membership function, and p is a weight scale 
threshold. Since, by definition, the vector angle 
distance criterion delivers a positive number in the 
interval [0, nrc] [21], the output of the fuzzy trans- 
formation introduced above produces a member- 
ship value in the interval [p/(1 + exp((nn))‘, P/2]. 
However, even for a moderate size window, such 
as a 3 x 3 or 5 x 5 window, the lower limit of the 
above interval should safely be considered zero. 
As an example, for a modest 3 x 3 window and 
with r = 1, fl = 2 the corresponding interval is 
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Cl.4 x lo- 12, 1] and for a 5 x 5 window the interval 
becomes Cl.5 x 10-35, 11. Therefore, we can con- 
sider the above membership function as having 
values in the interval (0, 11. It can easily be seen 
through simple calculations that the above trans- 
formation satisfies the design objectives. 

Another commonly used distance measure is the 
generalized Minkowski norm (L, metric) [l], 

d,(i,j) = 
> 

lip, (6) 

where m is the dimension of the vector xi. Using this 
norm the scalar distance measure 

44 = 1 d&J) 
j=l 

is associated with the noisy vector xi inside a filter 
window of length n. For such a distance an appro- 
priate membership function is the exponential 
(Gaussian-like) form 

Wzi = exp 
d,(i) 

[ 1 -- 
P ’ 

where Y is a positive constant, and B is a distance 
threshold. The actual values of the parameters vary 
with the application. The above parameters corres- 
pond to the denominational and exponential fuzzy 
generators controlling the amount of fuzziness in 
the fuzzy weight. It is obvious that since the dis- 
tance measure is always a positive number, the 
output of this fuzzy membership function lies in the 
interval [0, 11. The fuzzy transformation is such 
that the higher the distance value is, the lower the 
fuzzy weight becomes. It can easily be seen that the 
membership function is one (maximum value), 
when the distance value is zero and becomes 
zero (minimum value), when the distance value is 
infinite. 

3. Generalized membership functions 

3.1. Motivation 

Both membership functions can be used to derive 
the fuzzy weights introduced in the filter structure 
of (2). However, the shape and the parameters of the 

functions were chosen intuitively based on our ex- 
perience and the distance criterion selected. More 
recently, membership functions have been designed 
using optimization procedures [7]. The general 
idea is to tune the shape and the parameters of the 
membership function using a training signal. The 
form of the fuzzy membership function is usually 
fixed ahead of time. Then a set of available training 
pairs (input, membership values) is used to tune the 
parameters of the assumed membership function. 
The most commonly used procedure exploits the 
mean square error (MSE) criterion. In addition, 
since most of the used shapes are nonlinear, iter- 
ative schemes e.g. backpropagation are used in the 
calculations [lo]. However, in an application, such 
as image processing in order for the membership 
function to be tuned adaptively, the original image 
or an image with properties similar to those of the 
original, must be available. Unfortunately, this is 
seldom the case in real-time image processing ap- 
plications, where the uncorrupted original image or 
knowledge about the noise characteristics is not 
available. Therefore, alternative ways to obtain the 
‘best’ fuzzy transformation must be explored. 

To this end, an approach is introduced here 
where instead of ‘training’ one membership func- 
tion, a bank of candidate membership functions are 
determined in parallel using different distance 
measures. Then, a generalized nonlinear operator is 
used to determine the final optimized membership 
function, which is employed to calculate the fuzzy 
weights. This method of generating the overall 
function is closely related to the essence of compu- 
tations with fuzzy logic. By choosing the appropri- 
ate operator, the generalized membership function 
can meet any specific objective requested by the 
design. As an example if a minimum operator is 
selected, the designer pays more attention to the 
objectives that are satisfied poorly by the elemental 
functions and selects the overall value based on the 
worst of the properties. On the contrary, when 
using a maximum operator the positive properties 
of the alternative membership functions are empha- 
sized. Finally, a mean-like operator provides 
a trade-off among different, possibly incompatible, 
objectives. 

Using the previous setting, the problem of deter- 
mining the overall function is transformed into 
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a decision-making problem, where the designer has harmonic mean or the root-power mean. The prob- 
to choose among a set of alternatives after consid- lem of choosing operators for logical combination 
ering several criteria. We discuss here only discrete of criteria is a difficult one. Experiments in decision 
solution spaces since distinct membership function making indicate that aggregation among criteria 
alternatives are available. As in any decision prob- are neither conjunctive or disjunctive. Thus, com- 
lem, where satisfaction of an objective is required, pensatory connectives which mix both conjunctive 
two steps can be defined: and disjunctive behaviour were introduced in [24]. 
(i) the determination of the efficient solutions 

(ii) The determination of an optimal compromise 
solution. 

We define the optimal compromise solution as the 
one which is preferred by the designer to all other 
solutions, taking into consideration the objective 
and all the constraints imposed by the design. 
The designer can specify the nonlinear operator 
used to combine elemental functions in advance 
and use this operator to single out the final value 
from the set of available different solutions. This is 
the approach followed in this paper. An aggregator 
(fuzzy connective), whose shape is defined a priori, 
will be used to combine the different elemental 
functions in order to produce the final weights at 
each position. 

In this paper a compensative operator, first intro- 
duced in [25], is utilized to generate the final mem- 
bership function. Following the results in [25], the 
operator is defined as the weighted mean of a (logi- 
cal AND) and a (logical OR) operator: 

AO,B =(AnB)'-'.(AuB)Y, (9) 

where A, B are sets defined on the same space and 
represented by their membership functions. Differ- 
ent t-norms and t-conorms can be used to express 
a conjunctive or a disjunctive attitude. If product of 
membership functions is utilized to determine inter- 
section (logical AND) and possibilistic sum for 
union (logical OR), the form of the operator for, 
several sets, is as follows [24]: 

In fuzzy decision making, connectives or aggre- 
gators are defined as mappings from [0, 11” -+ 
[0, l] and are often requested to be monotonic with 
respect to each argument. The subclass of aggrega- 
tion operators which are continuous, neutral and 
monotonic is called the class of CNM operators 
[7]. An averaging operator is a member of the class 
of compensative CNM operators but different from 
min or max operators. Averaging operators can be 
characterized under several natural properties, 
such as monotonicity and neutrality [ 151. It is 
widely accepted that an averaging operator verifies 
the following properties: 

m 

,yci = JJ wjf -7) 1 - ( fi t1 - wji)J, (10) 
j=l j= 1 

where W,-i is the overall membership function for 
the sample at pixel i, Wcj is the jth elemental mem- 
bership value and y E [0, 11. The weighting para- 
meter y is interpreted as the grade of compensation 
taking values in the range of [0, l] [25]. In this 
work a constant value of 0.5 is used for y. 

The product and the possibilistic sum are not the 
only operators that can be used in (9). A simple and 
useful t-norm function is the min operator. In this 
paper, we also use this t-norm to represent intersec- 
tion. Subsequently, the max operator is the cor- 
responding t-conorm [9]. In such a case, the 
compensative operator of (9) has the following 
form: 

VM : [IO, 11” -+ [O, l] 

(i) Idempotency: ‘da M (a, a, . . . , LX) = r 
(ii) Neutrality: The order of arguments is unim- 

portant, 
(iii) M is nondecreasing in each place. 

The above implies that the averaging operator 
lies between min and max. However, aggregation 
operators are in general non-associative or decom- 
posable since associativity may conflict with idem- 
potence [6]. An example of averaging operators 
is the arithmetic mean, the geometric mean, the 

W,i = (2 Wji~myl($iXWjiJ. (11) 

The form of the compensative operator is not 
unique. A number of other mathematical models 
can be used to represent the AND aggregation. An 
alternative operator, which combines the averaging 
properties of the arithmetic mean (member of the 
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averaging operator class) with a logical AND oper- 
ator (conjunctive operator) was proposed also in 
[24]: 

where w,-i is the overall membership function for the 
sample at pixel i and the parameter y E [0, l] is 
interpreted as the grade of compensation. In this 
equation the min t-norm stands for the logical 

AND. Alternatively, the product of membership 
functions can be used instead of the min operator in 
the above equation. The arithmetic mean is used to 
prevent higher elemental weights with extreme 
values to dominate the final outcome. The operator 
is computationally simple and posseses a number 
of desirable characteristics. 

Compensatory operators are intuitively appealing 
but are based on ad hoc definitions and properties, 
such as monotonicity, neutrality or idempotency, 
cannot be proven always. However, despite these 
drawbacks, they are still an appealing and simple 
method to express compensatory effects or interac- 
tions between design objectives. For this reason, 
we utilize them in the next subsection to construct 
the overall fuzzy weights in our adaptive filter 
designs. 

3.2. A combined fuzzy directional and fuzzy 

median jilter 

In our adaptive filter, we intend to assign higher 
weights to those samples that are more centrally 
located (inside the filter window). However, as we 
have seen in Section 2.2 in the case of multichannel 
data, the concept of vector ordering has more than 
one interpretation and the vector median inside the 
processing window can be defined in more than one 
way. Therefore, the determination of the most cen- 
trally positioned vector heavily depends on the 
distance measure used. Each distance measure de- 
scribed in 2.2 selects a different most centrally 
located vector. Since multichannel ordering has no 
natural basis it is anticipated that we should expect 
better filtering results combining ranking criteria 
which utilize different distances. 

Let us assume that the adaptive multichannel 
filter of (2) has to be used and the weights Wi Vi 

inside the operational window have to be assigned. 
Consider the design objective: “The Xi is centrally 

located as measured with the angle criterion and xi is 

centrally located using the Minkowski distance”. We 
intend to establish a fuzzy membership function for 
this statement. The first step is to realize that this 
statement is a composition between two design 
objectives, which can be realized using elemental 
membership functions, such as the ones discussed 
in the previous section. Then, utilizing the compen- 
sative operator, the overall function can be ob- 
tained. At this point, we have to clarify the effect of 
the compensatory operator in our filter. In the 
above design objective the same degree of attract- 
iveness can be reached by having a less centrally 
located vector according to the Euclidean distance, 
but more central using the angle criterion and vice 
versa. That is, the higher value of “with the angle 

criterion” compensates for the lower value of mem- 
bership in “using the Minkowski distance”. 

For the specific case of two elemental member- 
ship functions and equal exponents, the compen- 
sative operator defined in (9) has the form of 
a weighted membership product. Thus, depending 
on the t-norm or t-conorm used the overall fuzzy 
function can be defined as 

Wzi = (WliW2i)"'5, (13) 

where &‘i is the overall membership function for the 
sample at pixel i or 

Wzi = (WliW2i)"'5(1 - ((1 - Wij)(l - W,j)))O.‘. (14) 

It can easily be seen from (13) that using the min 
and max operators and for equal powers the oper- 
ator in (9) has actually the form of the geometric 
mean, a member of the averaging operators family. 

The alternative operator introduced in (12) has, 
for this specific case, the following form: 

2 2 

Wfi = 0.5 min Wji + 0.25 1 Wji 
j=l j= 1 

or 

(15) 

wfi = 0.5 (Wii * Wzi) + 0.25 ~ Wji. (16) 
j=l 
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In general, additional weighting factors which will 
absorb possible scale differences in the definition of 
the elemental membership functions must be used. 
However, since the two elemental functions used 
here run on the interval [0, 11, no such weighting 
factor is required. 

The averaging operator defined in (13), and the 
two compensative operators defined in (14) and 
(15), respectively, can be used to define the fuzzy 
weights in (2) provided that the elemental fuzzy 
transforms of (5) and (8) have been used to con- 
struct the elemental weights. However, in order for 
our results to be meaningful, the nonlinear oper- 
ator applied must satisfy some properties that will 
guarantee that its application will not alter in any 
manner the elemental decisions about the weights. 
In the literature, there are a number of properties 
that all the aggregation or compensative operators 
must satisfy. In this subsection we will try to exam- 
ine if the operators that we intend to use to calcu- 
late the adaptive weights satisfy these properties 

Cl51. 
These properties are listed below: 

(i) Convexity. The mean operator in (13) is convex 
since it is known from statistics that 

, (17) 

min wki d @!i 6 max wki . 
k k 

(18) 

For the second operator, introduced in (15) the 
following holds: 

W,jZIb = 0.75 hip Wki + 0.25 IllflX Wki. (19) 

Then, we can conclude that 

m;n wki d WEi d m;x wki. (20) 

The convexity of the operators allows for a com- 
promise among the different elemental functions. 
(ii) Neutrality (symmetry). The operators introduc- 

ed here are symmetric. The property guarantees 
that the order of presentation for the elemental 
functions does not affect the overall member- 
ship value. 

(iii) Monotonicity. The property of monotonicity 
guarantees that the stronger piece of evidence 
(larger elemental membership value) generates 
a stronger support in the final membership 
function. By the definition in (13) 

wa.* > wa. CL , CL) (21) 

where WzT = (WliWki)“‘, Wzi = (WliWji)“‘5 and 
‘d wki ~ wji. 

fhnilarly, for Wli and v wki > Wji the 
min(w,, wki) > min(wi, wji), so using (15) 

Wb+ > Wb. C‘ A CL’ (22) 

(iv) Idempotence. The operators presented in (13) 
and (15) are idempotent. The property guaran- 
tees that the outcome of the overall function 
generates the same value with each elemental 
value if all of them report the same result. It is 
not hard to be seen that 

W~i = (WW)“‘5 = W, (23) 

W,“i = 0.5~ + 0.25(~ + W) = W. (24) 

It can easily be seen from (14) that this operator is 
not idempodent. However, the operator is symmet- 
ric and satisfies the monotonicity requirement. 
Namely, 

$+a.* > wa. CL A CL) (25) 

where 

W~l = (WliWki)“‘(l - ((1 - Wli)(I - Wki)))‘.’ (26) 

and 

w,i = (wriwji)“.5(1 - ((1 - WiJ(l - Wji)))“.5. (27) 

If vwki > wji 

(I - wki) < (1 - Wji), (28) 

(1 - ((1 - Wli)(l - wki))) 

2 (1 - ((I - Wli)(l - wji))). (29) 

Combining (25H28) we can conclude that the oper- 
ator defined in (14) satisfies the monotonicity re- 
quirement. 

In summary, we proved that the compensatory 
operators that we intend to use for the fuzzy 
weights calculations in (2) correspond to an ag- 
gregation class which satisfies a number of natural 
properties, such as neutrality and monotonicity. 
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3.3. Comments 

The decision to utilize a fuzzy aggregator to 
construct the overall weight is not arbitrary. On the 
contrary, it is anticipated that the operator will 
help us to accomplish the design objective. The 
introduction of a combination of different distances 
in the weight determination procedure is expected 
to enhance the filter performance. Each one of the 
above-defined operators can generate a final mem- 
bership function, which is sensitive to relative cha- 
nges in the elemental membership values helping us 
to accomplish our objective. A fuzzy filter, which 
utilizes this form of membership function for its 
fuzzy weights constitutes a fuzzy generalization of 
a combined Vector Median and Vector Directional 
Filter. The following comments can be made re- 
garding our approach. 

(i) The computational efficiency of the proposed 
filter depends not only on the form of the 
membership function selected or the operator 
used for aggregation, but on both of them. 

(ii) It must be emphasized that through this de- 
sign the problem of determining the appropri- 
ate membership function is transformed into 
the problem of combining a collection of pos- 
sible functions. This constitutes a problem of 
considerably reduced complexity, since ad- 
missible membership functions may be known 
from physical considerations or design speci- 
fications. 

(iii) The shape of the membership function (e.g. 
sigmoidal or exponential) is not the only para- 
meter that differentiates possible elemental 
fuzzy transformations. The designer may deci- 
de to use the same form for the elemental 
functions and assign different parameter 
values to them, e.g. different r or B. Then, an 
overall membership function can be devised 
using an appropriate combination of the indi- 
vidual functions. 

(iv) The generalized membership function intro- 
duced here can include any weighting function 
already in use. In fact, the proposed methodo- 
logy can be used to calculate in an efficient 
way possible parameters used in the function. 

(v) This parallel, adaptive on-line determination 
of the membership function allows for fast 

design of the membership function without 
time-consuming iterative processes. The fil- 
ter’s output is calculated in one-pass without 
any recursion. Thus, our filter does not depend 
on a ‘good’ initial estimate. On the contrary, it 
is well known that iterative ‘adaptive’ pro- 
cesses starting from an ‘inappropriate’ initial 
value are likely to be trapped in ‘local optima’ 
with profound consequences to the filter’s per- 
formance. 

(vi) The proposed adaptive design is a scalable 

one. The designer controls the complexity of 
the final membership function by determining 
the number and the form of the individual 
membership functions. Depending on the 
problem specification and the computational 
constraints, the designer can select the appro- 
priate number of elemental functions to be 
used in the final weighting function. 

(vii) No training signal is required in this adaptive 
design. Furthermore, the final fuzzy member- 
ship function is determined without any 
suboptimal local noise or signal statistic 
evaluation since such approaches usually lead 
to biased solutions. Thus, our adaptive multi- 
channel filters can be used in real-time image 
applications in contrast to other ‘trainable’ 
multichannel filters, which are based on un- 
realistic assumptions about the availability of 
training sequences. 

4. Application to 1-D signals 

It must be emphasized that the proposed filter 
framework can be applied in any multichannel sig- 
nal and any multivariate data with a spatial do- 
main. However, since the most common multichan- 
nel filtering problem is that of colour image filtering 
in this section we also outline some basic properties 
that make the proposed filters appropriate in multi- 
channel image processing. 

The use of nonlinear filters in multichannel im- 
age processing is motivated primarily by the good 
performance of the filters near edges and other 
sharp signal transitions. Edges are basic images 
features which carry valuable information, useful in 
image analysis and object classification. Therefore, 
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any nonlinear processing operator is required to 
preserve edges and smooth noise without altering 
sharp signal transitions. 

Simple examples are introduced in this section 
to illustrate the effectiveness of the proposed 
algorithms in filtering operation near noisy edges. 
The goal is to determine the performance of the 
filter in terms of noise reduction and detail preser- 
vation. The multichannel filter which utilizes the 
geometric mean operator to construct the final 
membership function is compared in terms of per- 
formance with the Vector Median Filter (VMF) 
and the Arithmetic Mean Filter (AMF). 

To quantitatively evaluate the behaviour of the 
algorithms we use 1-D signals corrupted by noise. 
First we use a step edge of height 2, for a two- channel 
invariant signal corrupted by additive Gaussian mix- 
ture noise. The details are summarized below: 

y(t) = x + w(r), 

with 

Hypothesis I: 

(30) 

1.5 
x = 1.75 ( ) 
if t < 45 

Hypothesis II: 

3.5 
x = 3.75 ( > 

if t > 45 

and 

w(t) = 4t)ur(r) + (I - We,(r), (31) 

where u(t) = u(t)lzxl and u(t) is a random number 
uniformly distributed over the interval [0, 11, u,(t) 
is from a Gaussian distribution with zero mean and 
covariance O.O512,2 and u2(t) is from a Gaussian 
distribution with zero mean and covariance 0.25Z2 X P 

An operational window of size N = 5 was used in 
all the experiments reported here. The filtering re- 
sults are shown below. Fig. 1 depicts the filter 
outputs for the first component and Fig. 2 depicts 
the filter output for the second component. 

In order to evaluate the performance of the algo- 
rithms in the presence of mixed Gaussian and impul- 
sive noise another simulation experiment was 

4, 
1st Component 

3.5 

:, 
3- 

.Y 
b 

g2.5. 
0 
$ 
r 
IL 2- 

-: Median 

- : Adaptive 

I 

50 
steps 

I 
55 60 

Fig. 1. Simulation I: filter outputs -comparison (1 st component). 

2nd Component 
4 

-. : Mean 

-: Median 

- : Adaptive 

Fig. 2. Simulation I: filter outputs-comparison (2nd component). 

conducted. In this second experiment the actual sig- 
nal is corrupted with mixed Gaussian and impulsive 
noise. The observed signal has the following form: 

v(t) = x + w(t), 

with 

(32) 

Hypothesis I: 

1.5 
x = 1.75 ( ) 
if t < 15, 35 < t < 55, t > 75. 
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Hypothesis II: 

3.5 
x = 3.15 ( 1 
if 15 d t < 35, 55 < t < 75 with 

w(t) = r%(t) + r%(t), (33) 

where VI(t) is from a Gaussian distribution with 
zero mean and covariance 0.2512 X2 and u2(t) is 
impulsive noise with equal number of positive and 
negative spikes of height 0.25. The filtering results 
are shown next, where curves in Fig. 3 (i) denote the 
actual signal and (ii) the noisy input for the first 
component. Curves in Fig. 4 depicts (i) the output 
of the fuzzy adaptive filter, (ii) the output of the 
median filter and (iii) the output of the mean filter 
for the first vector component. Figs. 5 and 6 depict 
the corresponding signals for the second vector 
component with the same order. 

Finally, the last experiment deals with a ramp 
edge. The observed signal has the following form: 
Hypothesis I: 

y(t) = x + (0.03t) I* x 1 + w(t), 

with 

(34) 

0.5 
X = 0.75 ( > 

for t < 45. 

1stComponent 
5 I 

Hypothesis II: 

y(t) = x + w(t) 

with 

153 

(35) 

3.5 

* = 3.75 ( ) 
for t > 45. 

The additive noise is given by 

w(t) = q(t) + u,(t), (36) 

1stComponent 

r-qy-g=q 
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Fig. 4. Simulation II: filter outputs (1st component). 
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Fig. 3. Simulation II: actual signal and noisy input (1st component). Fig. 5. Simulation II: actual signal and noisy input (2nd component). 
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Fig. 9. Simulation III: actual signal and noisy input (2nd 
component). 

where vi(t) is from a Gaussian distribution with 
zero mean and covariance 0.2512, 2 and vZ(t) is 
uniformly distributed over the interval [ - 1, 11. 

A summary of filtering results are summarized 
here, where curves in Fig. 7 (i) denote the actual 
signal and (ii) the noisy input for the first compon- 
ent. Curves in Fig. 8 depict (i) the output of the 
fuzzy adaptive filter, (iii) the output of the median 
filter and (iii) the output of the mean filter for the 
first vector component. Finally, Figs. 9 and 10 

depict the corresponding signals for the second 
vector component with the same order. 

From the above simulation experiments the fol- 
lowing conclusions can be drawn: 

6) 

(ii) 

(iii) 

The median algorithm works better near sharp 
edges. 
The arithmetic mean filter works better for 
homogeneous signals with additive Gaussian- 
like noise. 
The proposed adaptive algorithm can suppress 
the noise in homogeneous regions much 
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Fig. 10. Simulation III: filter outputs (2nd component). 

better than the median filter and can preserve 
edges better than the simple averaging (arith- 
metic mean) filter. 

5. Application to colour images 

In this section the performance of the new filters 
introduced here are evaluated in an important 
application area, namely colour image processing. 
Colour image processing has become an important 
area in multichannel signal processing mainly due 
to its numerous real-life applications. In this article, 
we evaluate our new filters using a colour test 
image and we compare their performance against 
popular vector processing filters, such as the vector 
median filter (VMF), the generalized vector direc- 
tional filter (GVDF) and the arithmetic mean filter 
(AMF). Since our objective in this paper is not to 
develop all the different adaptive filters based on 
fuzzy transformations of the distance but to 
demonstrate the improvement introduced in terms 
of performance using a fuzzy aggregator or com- 
pensator, we construct five different filters based on 
the distance criteria and elemental transforms de- 
scribed in Section 2.2. The following notation is 
used for convenience: 
FVFl: Filter with fuzzy weights of wlj = 2/ 

(1 + exp (aj)) and sum of angles as distance 
criterion. 

FVF2: Filter with fuzzy weights of w2j = 
exp[ - dP(j)o.5] and the sum of L1 norms as 
distance criterion. 

FVF3: Filter with weights defined 
w2j and the operator in (13). 

FVF4: Filter with weights defined 
wzj and the operator in (14). 

FVFS: Filter with weights defined 
w2j and the operator in (15). 

using Wlj, 

using Wlj, 

using Wlj, 

GVDF: Generalized vector directional filter. 
VMF: Vector median filter. 
AMF: Arithmetic mean filter. 
The filters are applied to the widely used 512 x 480 
RGB colour image ‘Lenna’. The test image 
has been contaminated using various noise source 
models in order to assess the performance of the 
filters under different scenarios. The test image 
is contaminated with correlated Gaussian noise 
and a percentage of the image samples are replaced 
by outliers, which have very high or low signal 
values with equal probability (see Table 1). A 
correlation factor p = 0.5 is used in all the experi- 
ments to determine the corruption of pixel (i,j) 
in a channel, if the same pixel (i, j) is corrupted in 
any of the other two channels. The normalized 
mean square error (NMSE) has been used as quant- 
itative measure for evaluation purposes. It is 
computed as 

where Nl, N2 are the image dimensions, and y(i, j) 
and y^(i, j) denote the original image vector and the 
estimation at pixel (i, j), respectively. Table 2 sum- 
marizes the results obtained for the test image 
‘Lenna’ for a processing window 3 x 3. The results 
obtained using a filter window 5 x 5 are given in 
Table 3. A ‘*’ in a table entry indicates the best filter 

Table 1 
Noise distributions 

Number Noise model 

1 Gaussian (u = 30) 
2 Impulsive (4%) 
3 Gaussian (C = 15), impulsive (2%) 
4 Gaussian (a = 30), impulsive (4%) 
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NMSE ( x IO-*) for the ‘Lenna’ image, window 3 x 3 

Noise FVF 1 FVF2 FVF3 FVF4 FVF5 GVDF VMF AMF 

1 0.7335 0.9812 0.694* 0.7335 0.7201 1.46 1.60 0.6963 

2 0.2481 0.1663* 0.2161 0.1908 0.244 0.30 0.19 0.8186 

3 0.401 0.3826 0.3310 0.3234* 0.3511 0.6238 0.5404 0.6160 

4 1.039 1.1744 0.9130* 0.9445 0.9903 1.982 1.6791 1.298 

Table 3 

NMSE ( x IO-‘) for the ‘Lenna’ image, window 5 x 5 

Noise FVFl FVF2 FVF3 FVF4 FVFS GVDF VMF AMF 

1 0.7549 0.6718 0.6178 0.6584 0.6239 1.08 1.17 0.5994* 

2 0.3087 0.3040 0.3042 0.2984* 0.3069 0.3018 0.3241 0.6656 

3 0.4076 0.403 1 0.3s13* 0.3817 0.387 0.459 0.5172 0.5702 

4 0.9550 0.7491 0.7224 0.7444 0.7074* 1.1044 1.0377 0.8896 

performance in the corresponding row. The GVDF 
uses the appropriate grey-scale operator at the 
magnitude processing module to obtain the best 
possible result. It must be emphasized that these 
modules are noise-dependent. The designer must 
known a priori the actual noise characteristics. This 
is hardly the case in a real-time image processing 
situation. In contrast, the FVF family does not re- 
quire any information about the noise characteristics. 
However, despite the fact that the GVDF utilizes 
more information, we select the best filter from the 
GVDF family for the comparisons below [21]. 

In addition to the quantitative evaluation pre- 
sented above, a qualitative evaluation is necessary 
since the visual assessment of the processed images 
is ultimately the best subjective measure of the 
efficiency of any method [14]. Therefore, in order 
to compare noise smoothing and detail preserva- 
tion we present sample processing results in Figs. 
11-14. Fig. 11 shows the colour ‘Lenna’ image 
corrupted with Gaussian noise (a = 15) mixed with 
(2%) impulsive noise. Figs. 12-15 present the 
filtered outputs using FVF3, FVF4, GVDF and 
VMF, respectively. 

From the results listed above, it can be easily 
seen that our adaptive design with the generalized 
membership function provides consistently good 
results in every type of noise. The different fuzzy 

filters attenuate both impulsive and correlated 
Gaussian noise with or without outliers present in 
the test image. It must be noted that if no assump- 
tion about the noise characteristics is made, the 
fuzzy filter with the generalized membership 
weights provides results better than the results 
obtained by any other filter under consideration. 
Results also indicate that our fuzzy techniques are 
less sensitive to the window length comparing to 
the GVDF or the VMF. As an example, it can be 
seen that our adaptive fuzzy filters do not suffer 
from VMFs inefficiency in a non-impulsive noise 
scenario and small filtering window. 

Finally, considering the number of computa- 
tions, the computationally intensive part of the 
fuzzy algorithm is the distance calculation part. 
However, this step is common in all multichannel 
algorithms considered here. More than that, the 
different elemental membership functions can 
be calculated in parallel reducing the execution 
time and making our filters suitable for real-time 
implementation with Digital Signal Processors. The 
adaptation procedure used to evaluate the generaliz- 
ed membership function does not introduce any 
additional computational cost. To the best of the 
authors’ knowledge the adaptation mechanism 
introduced in this work is the only one capable of 
providing this form of parallel processing capability. 



K.N. Plataniotis et al. / Signal Processing: Image Communication 9 (1997) 143-158 

Fig. 11. ‘Lenna’ corrupted with Gaussian noise (r~ = 15) mixed 
with (2%) impulsive noise. 

Fig. 12. FVF3 of (11) using 3 x 3 window. 

Fig. 13. FVF4 of (11) using 3 x 3 window. Fig. 14. GVDF of (11) using 3 x 3 window. 

Fig. 15. VMF of (11) using 3 x 3 window. 
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In conclusion, our adaptive design is simple, scal- 
able, does not increase the numerical complexity of 
the fuzzy algorithm and delivers excellent results 
for complicate multichannel signals, such as real 
colour images. 

6. Concluding remarks 

This paper has introduced three adaptive algo- 
rithms for filtering multivariate image data. These 
filters combine nonlinear operators, fuzzy member- 
ship functions and distance criteria. A novel way to 
generate and modify fuzzy weights in real time used 
in multichannel filters was also described. The pro- 
posed algorithms require no parametric informa- 
tion about the original signal and the noise. Experi- 
mental simulation results have demonstrated the 
efficiency of the proposed solution. A comparison 
of the performance of the AMF, the VMF, the 
GVDF and the adaptive algorithms proposed in 
this paper was provided. The new filters introduced 
here outperform all the other nonlinear filters under 
consideration. Moreover, as it can easily be seen 
from the attached images, the new filters preserve 
the chromaticity component which is very impor- 
tant in the visual perception of colour images. 
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